For Baskakov-Bézier operators we give the direct, inverse and equivalence approximation theorems with unified Ditzian-Totik modulus (f, t) (0 1).
Introduction
Recently, the Bézier type operators of some well-known operators were introduced (cf. [1, [6] [7] [8] ). For example, Bernstein-Bézier operator (cf. [1, 6] ), Szasz-Bézier operator (cf. [8] ) and BaskakovBézier operator (cf. [7] ), their rates of convergence for bounded variation functions have been investigated (cf. [6] [7] [8] ). In this paper we will consider the approximation properties for BaskakovBézier operator. The well-known Baskakov operator is defined by It is easy to verify that V n, is a positive linear operator and V n, ( 1, x) = 1, V n, = 1, and when = 1, V n,1 (f, x) = V n (f, x). The aim of this note is to get the central approximation theorems for V n, (x) (direct, inverse and equivalent theorems) with unified first order Ditzian-Totik modulus (f, t) (0 1) (cf. [2] [3] [4] ). In Section 4 we will explain that the second order modulus cannot be used.
To state our results we recall that unified K-functional and Ditzian-Totik modulus (cf. [2] [3] [4] ).
where
Our result is as follows.
, 0 1, 0 < < 1, the following two statements are equivalent:
In Section 2 we will prove the direct theorem and in Section 3 we will prove the inverse theorem. Throughout this paper, C denotes a positive constant independent of n and x and not necessarily the same at each occurrence.
Direct theorem
First we list some basic properties which can be found in [7] or [2] and will be used in this or next sections.
To prove the direct theorem we need the following lemmas.
Proof. Using Hölder inequality, one has
with (2.8) we get
This is (2.7).
Lemma 2.2 (Ditzian and Totik [2, (9.6.3), p. 141]). For any integer m, we have
Proof. By the definition of K (f, t) for fixed n, x, , we can choose g = g n,x, such that
We now estimate J 1 and J 2 . Using (2.2) and (2.6) we have
By (2.9) we can deduce that
By (1.5), (2.11) and (2.16), we have
The proof of the theorem is completed.
Inverse theorem
To obtain the inverse theorem we first prove some lemmas.
Lemma 3.1. For V n, (f, x) the following inequalities hold:
This is (3.1). We continue the above inequality by J n,0 (x) = 0,
This is (3.2). Lemma 3.1 is proved.
Proof. First we prove (3.3). Using (3.1) we have
We estimate I 1 and I 2 , respectively. Note J n,0 (x) = 0, we have
Using (2.3) one has
From (3.5)-(3.7) we obtain
Now we prove (3.4). Since V n, (1, x) = 0, we have
By (3.2) we get
First we estimate L 1 . Using (2.5) we have
so we can deduce
For = 0 or > 0 and x = 0, then L 11 2 f . For > 0, x > 0, by simple computation we know that the maximum value of x /2 n /2 ( 
which is taken at x = /(2n − ). So we obtain
Using (2.7) for k 2, we have
It is easy to verify that by Lemma 2.2
Hence
From (3.10)-(3.12) we get
Now we estimate L 2 . Using (2.7) we have
By (2.3) we have
To estimate Q 1 we will consider two cases, one is x ∈ E n = (
By (2.6) and (2.9) we can deduce for
For x ∈ E C n we use (2.4) and obtain
Because the method is similar, we estimate only P 1 .
we deduce that
Note that x 1 n , then we have
Hence we get with (2.9)
Similarly 
Combining (3.9) (3.13) and (3.21) we have
This is (3.4). Lemma 3.2 is proved.
Proof. By Hölder inequality we only need to prove
For x 1, it is easy to know that (3.23) holds. For
Now we give the inverse theorem.
Proof. By Lemmas 3.2 and 3.3 and using the similar method in [6, "⇐ ", p. 145], it is easy to prove Theorem 3.4. Here we omit the details.
Remark. From Theorems 2.3 and 3.4, we can obtain Theorem 1.1.
A note on the second order modulus
The first order modulus of smoothness is used in the above results, and it would be important to know if this is natural in this setting. In this section we will show that the second order modulus cannot be used. This is (4.3).
